Introduction
We consider the cosine functional equation (see [1, 2, 3] ) ( 
1) f(0)(f(x+y)+f(x-y)) = 2f(x)f{y),
where f(z) is an entire function of a complex variable z and x, y are complex variables.
It is clear that the only entire solution of (1) is a cos bz where a, b are arbitrary complex constants.
In Section 2 we shall prove the following THEOREM 
in \z\ < +oo, where a, ft, y, S are complex constants.
PROOF. See [4, 5] .
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Iff(z), g(z), h(z), k(z) are entire functions of z and satisfy \f\z)\
PROOF. By the hypothesis and by Theorem A there exists a unitary matrix (5 5) such that
in \z\ < + oo, where a, p, y, 5 are complex constants.
By (3), (4) and by/(O) = g(0) = h(0) = *(0) = 0 we have
Since (a pjy 6) is a unitary matrix, by (5), (6) 
Proof of Theorem 1
We may assume that/(z) ^ const. Otherwise the proof is clear. Differentiating both sides of (1) twice with respect toy and putting y = 0, we have (V) /(0)/"(x)=/"(0)/(*).
Differentiating both sides of (1) with respect to x and then with respect to y, we have
(8) f(0)(f"(x+y)-f"(x-y)) = 2f'(x)f'(y).
We can deduce that/"(O) ^ 0. Otherwise, by (1), (7)/(z) is a complex constant, contradicting the assumption that f(z) ^ const.
By (7), (8) 
/"(O)
By (10) we see that (1) implies (2) with g(z) = V/(0)/T'(0)/'(z) which is an entire function of a complex variable z.
Q.E.D.
Proof of Theorem 2
Upon putting x = y = 0 in (2), we see that 
